The control of magnetic fields, essential for our science and technology, is currently achieved by magnetic materials with positive permeability, including ferromagnetic, paramagnetic, and diamagnetic types. Here we introduce materials with negative static permeability as a new paradigm for manipulating magnetic fields. As a first step, we extend the solutions of Maxwell magnetostatic equations to include negative-permeability values. The understanding of these new solutions allow us to devise a negative-permeability material as a suitably tailored set of currents arranged in space, overcoming the fact that passive materials with negative permeability do no exist in magnetostatics. We confirm the theory by experimentally creating a spherical shell that emulates a negative-permeability material in a uniform magnetic field. Our results open new possibilities for creating and manipulating magnetic fields, which can be useful for practical applications.
I. INTRODUCTION
Controlling magnetic fields is fundamental in both science and technology. Magnetic memories for computers, turbines for energy generation, motors for delivering power, medical techniques based on magnetic fields for treatment and diagnosis, they are all based on detailed spatial distributions of magnetic fields. Magnetic materials are the conventional tools to shape magnetic fields. This shaping of steady fields is governed by the laws of magnetostatics. One of the most important consequences of such laws is that fields decay from the sources, typically as dipoles, in contrast to the long-distance propagation of timedependent electromagnetic waves.
The progress in the science of magnetic materials has been enormous in the last decades.
Non-linear magnetic materials have been developed to attain complex behaviors including hysteresis and history effects, which are exploited in many actual technologies, like magnetic memories based on remanent magnetization states. In this work we focus on linear magnetic materials, those that have a magnetization directly proportional to the field. They have also experienced very important recent developments. One particularly active line of research is the application of linear magnetic materials as building blocks to construct magnetic metamaterials. Following the discovery of transformation optics technique and the development of metamaterials for the control of electromagnetic waves [1] [2] [3] , magnetic metamaterials have recently been introduced. They have led to interesting new properties and devices for controlling magnetostatic fields [4, 5] , including magnetic cloaks [4, [6] [7] [8] [9] [10] [11] [12] [13] , magnetic concentrators [14] [15] [16] [17] [18] [19] , and other novel magnetic phenomena [5, [20] [21] [22] . The use of metamaterials is particularly attractive in magnetostatics, because of at least two properties. First, in the static case electric and magnetic fields decouple, so controlling magnetic fields requires only dealing with permeabilities [4] . Second, natural materials exist with extreme permeability values, such as µ → 0 and µ → ∞. In contrast, for the full electromagnetic case it is very difficult to fabricate materials with zero permittivity ε, for example; only approximate results can be achieved with lossy materials based on resonances [23] .
However, some advantages of the full electromagnetic case have not yet a counterpart in magnetostatics. One of these is the possibility of having negative-µ materials; whereas resonances in different kinds of natural and artifical substances can yield negative values of µ and ε at non-zero frequencies [24] [25] [26] [27] [28] , no such negative-µ materials exist in magneto-statics [29] . Negative values of µ and ε have enabled very interesting novel phenomena for electromagnetic waves, like perfect lenses [30] [31] [32] . Some interesting physical devices such as 'illusions', in which the waves reflected by an object are made to resemble those arising from a different one [33, 34] or exterior cloaks, in which an object is cloaked at a distance [35] [36] [37] , have never been experimentally realized in magnetostatics, because they require materials with negative values of µ. Devising ways to create the effective response of negative-µ materials would thus pave the way towards the realization of these properties also for static magnetic fields.
In this work we introduce negative static permeability as a new tool for manipulating magnetic fields. By solving Maxwell magnetostatic equations for negative-permeability values, we find that a negative-permeability material can be effectively realized by a suitably tailored set of currents arranged in space. The theory is confirmed by experimentally constructing a spherical shell that emulates a negative-permeability material in a uniform magnetic field. In this way the effective properties of three-dimensional negative-µ materials can be produced in practice, overcoming the fact that passive materials with negative permeability do no exist in magnetostatics [29] .
The paper is structured as follows. We start in section II by studying the general magnetic response of a solid ellipsoid of isotropic permeability µ, either positive or negative, to a uniform applied field. In section III we analyze hollow isotropic ellipsoids, focusing on cylindrical and spherical shells. In section IV we extend the study to the case of cylindrical and spherical shells made of anisotropic materials. In section V we discuss how magnetization currents can be used to emulate negative-permeability materials. The experimental demonstration of a negative-µ spherical shell is presented in section VI. Finally, in sections VII and VIII the obtained results and their implications are discussed, and some conclusions are extracted.
II. SOLID ISOTROPIC ELLIPSOIDS WITH NEGATIVE PERMEABILITY
We start our study of magnetic materials with negative permeability with the case of solid bodies. For the sake of generality, we consider an ellipsoid, with semiaxes a, b and c. The ellipsoid geometry encompasses two geometries of practical interest, the sphere (a = b = c) and the long cylinder in perpendicular applied field (b = c and a → ∞), as well as the two other conceptually interesting cases of a long thin strip (finite b, a → ∞ and c → 0), and an infinite slab (finite b and a = c → ∞). The four geometries are shown in the insets of Fig. 
1.
A. Dependence of the fields on the permeability
Consider an ellipsoid made of a homogeneous and isotropic material with relative magnetic permeability µ, in a uniform field H 0 applied along the ellipsoid c axis. The magnetic moment m of an ellipsoid in magnetostatics is analogous to the polarizability of a dielectric ellipsoid in a uniform applied electrostatic field. By taking into account that the magnetization is M = dm/dV and the solutions in [38] , [39] and [40] , one obtains
where N is the demagnetizing factor of the ellipsoid, which ranges from 0 (long slab) to 1 (thin film). For a sphere N = 1/3 and for a long cylinder in transversal field N = 1/2.
By using that the total magnetic field is equal to the applied one plus the demagnetizing field, H = H 0 + H d , and that the demagnetizing field is related to the magnetization We now describe how M, H, and B in the ellipsoid volume depend on µ. In Fig. 1 these fields together with the energy density E = B · H/2 are represented for the sphere, cylinder, thin film, and slab geometries. We start from the positive µ region, for which B and H have both the same direction as H 0 . The material is paramagnetic when M is parallel to H 0 (µ > 1) and diamagnetic when they are antiparallel (µ < 1). When µ = 1, M = 0; this is the only situation in which a solid ellipsoid does not distort an applied magnetic field. The case of µ → 0 corresponds to a perfect diamagnet (e.g. an ideal superconductor), for which M exactly cancels H, resulting in B(µ = 0) = 0. The hitherto unexplored regime of µ < 0 In magnetostatics, when dealing with linear materials as in our case, closed field lines can only arise from currents, because of Ampere's law. In Section V we discuss how to find the required current distributions to emulate a negative-µ material. Because these currents will need to be readjusted when changing the applied field, negative-µ materials devised in this way can be classified as active [42] [43] [44] [45] . A general property of the magnetization of the ellipsoids emerges when negative values of the permeability are considered. For any ellipsoid of permeability µ there exists a conjugate ellipsoid of permeability µ , which has exactly the same magnetization with opposite sign,
. By using Eq. (1), we find that the conjugate permeability of µ is
which only depends on the geometry of the ellipsoid.
Considering a solid cylinder, N = 1/2, Eq. (2) yields µ = 1/µ. Then µ has the same sign as µ. This conjugate relation was obtained for positive µ values for long rectangular bars in transversal field in [47] and also appeared in [48] for long hollow cylinders in transversal field.
In the case of a solid sphere, conjugate relations have not been explored before. Using N = 1/3, Eq. (2) leads to a conjugate permeability µ = (−µ + 4)/(2µ + 1), which shows that the sign of µ is not always the same as that of µ. When µ is larger than 4, the conjugate sphere does not have a positive value of µ . For this reason conjugate relations for spheres could not be obtained without taking into account that µ can take negative values.
The conjugate µ of a soft ferromagnetic sphere (µ → ∞), for example, is a sphere with µ = −1/2, instead of a superconducting sphere (µ =0) as for a cylinder.
III. HOLLOW ISOTROPIC ELLIPSOIDS WITH NEGATIVE PERMEABILITY
We continue our study of negative-µ materials by considering the case of hollow bodies.
Novel features such as magnetic field concentration in the hole of the bodies [14] appear in this geometry.
Consider an ellipsoidal homogeneous and isotropic material with relative magnetic permeability µ and semi axes a 2 , b 2 and c 2 with a centered hole of semi axes a 1 , b 1 and c 1 ; we restrict our study to the case of both the hole and the outer surface having the same shape.
A uniform magnetic field, H 0 , is applied along a principal axis of the ellipsoid.
Different from solid bodies, the magnetic response of a hollow ellipsoid to a uniform magnetic field has in general not only a dipolar term but higher orders as well. Only the cases of hollow spheres and cylinders, because of their high symmetry, have a dipolar response. Analytic expressions for the magnetic fields for hollow spherical and cylindrical shells can be found in the Appendix.
The dipolar magnetic moment m of a general hollow ellipsoid is analogous to the polarizability resulting from the application of an electric field to a hollow dielectric ellipsoid [38] .
From this, one can calculate the averaged magnetization on the whole ellipsoid volume, V , including the hole volume, as
which is uniform and in the direction of the applied magnetic field, as in the case of a solid ellipsoid. f is the fraction of the external ellipsoid occupied by the hole, f = (
In the limits µ → ±∞, M * tends to 1/N , as for solid bodies. When f → 0 we recover Eq.
(1).
Eq. (3) shows that there are two values of µ that result in a divergence of the magnetization,
Bearing in mind that 0 ≤ f < 1 and 0 ≤ N ≤ 1 it is seen that these two values of µ are negative for any ellipsoid.
When M * =0 the shell does not create a dipolar response; in the case of a hollow sphere or cylinder this makes the object magnetically undetectable because the applied magnetic field is not distorted. Whereas for solid ellipsoids the magnetization is zero only in the trivial case of no material, µ ND = 1, for isotropic hollow ellipsoids there is an extra solution for M * (µ ND )=0. By using Eq. (3) we find that
which does not depend on f , but only on the geometry of the ellipsoid through its demagnetizing factor. In the particular cases of spherical and cylindrical shells, the non-distortion permeabilities are µ ND = −1/2 and µ ND = −1, respectively.
We show in Fig. 3 the dependence of M * upon µ for a hollow sphere (N = 1/3) and a hollow long cylinder (N = 1/2) for f = 1/2, where the two divergences and the two non-distortion permeabilites can be seen, for each geometry. 
A. Conjugate relations
The consideration of negative values of the permeability leads to conjugate relations for hollow ellipsoids, as for solid ones. For any hollow ellipsoid of permeability µ two conjugate ellipsoids of permeabilities µ 1 , and µ 2 , exist which have exactly the same magnetization with
For a general hollow ellipsoid, the conjugate relations are found using Eq. (3). In the particular case of a hollow cylinder the result µ 1 = 1/µ, obtained in [48] is recovered. This is the same conjugate relation that appeared for a solid cylinder. Interestingly, a new solution appears as
Conjugate relations for a hollow sphere can also be analytically obtained through cumbersome expressions (not shown). None of them corresponds to the case of a solid sphere.
IV. HOLLOW ANISOTROPIC CYLINDRICAL AND SPHERICAL SHELLS
We now continue our study of hollow bodies by considering shells with homogeneous anisotropic permeabilities, extending the results studied above for isotropic materials. We restrict the results to the two more relevant geometries, spherical and cylinidrical shells.
Consider homogeneous and anisotropic spherical and cylindrical shells of external radius R 2 and internal radius R 1 , characterized by their angular and radial relative permeabilities, µ θ = µ ϕ and µ r , and µ θ and µ ρ , respectively. A uniform magnetic field H 0 is applied in the z direction. Magnetostatic Maxwell equations can be analytically solved (see Appendix for the full derivation), providing the solutions for the magnetic field in the three different regions:
inside the hole, in the shell and in the external region. For positive µ, these solutions were studied in [14, 18, 46] .
The solutions show two important properties. First, the magnetic field inside the hole of the shells is always uniform and has the direction of the applied one, H In the following we analyze the anisotropic shells that do not distort a uniform applied magnetic field as well as those that involve divergent magnetic fields. The overall results can be seen in Fig. 4 , where the permeability relations resulting in a non-distorting shell and those leading to divergent fields are plotted. It is seen that these two cases alternate, so that there is always a line of no distortion between two consecutive lines of field divergence. Also, these lines constitute the borders between diamagnetic and paramagnetic regions. In this way, the concept of paramagnetic and diamagnetic materials is enriched. For conventional materials with positive µ (right upper quadrant in Fig. 4) there is a single frontier line separating the two regions. In the general picture that negative µ is bringing, the border lines and the paramagnetic and diamagnetic regions increase until reaching an infinite number of them. 
A. Non-distortion shells
It can be obtained from Eqs. (A10) and (A14) that for a given radial permeability there are infinite values of the angular permeability for which the coefficients b s and b c become zero, and thus the shells do not distort the external magnetic field. They can be grouped into two types of solutions. For a spherical shell,
and for a cylindrical shell,
The first type of solutions [Eqs. (7) and (9)] corresponds to the red curves in Fig.   4 , extending mainly in the first and third quadrant. These solutions were explored for positive µ in [14, 46] The non-distorting isotropic shells studied above, µ r = µ θ = −1/2 and µ ρ = µ θ = −1 for a spherical and a cylindrical shell, respectively, are particular cases of these solutions. The second type [Eqs. (8) and (10)] corresponds to the red straight lines in Fig. 4 , extending in the second and fourth quadrants. There is an infinite number of these lines, and their slope depends upon a single parameter, n.
B. Magnetic field concentration inside the hole of a non-distorting shell
The two types of non-distorting solutions of Eqs. (7)-(10) differ in the field concentrated inside their hole.
We start studying the first type of solutions [Eqs. (7) and (9)]. The field in the hole for a spherical and a cylindrical shell is, respectively,
where we have used Eqs. (A7) and (A11).
The magnetic field concentration can be interpreted in terms of energy reorganization.
Since we are considering shells that do not distort the external field, the energy density To explain how this large magnetic field concentration is achieved we compare the behaviour of two non-distorting shells fulfilling the non-distortion relation of Eq. (9), one with positive µ and the other one with negative µ, for the cylindrical geometry (Fig. 5) . When Now we analyze the field concentration corresponding to the second type of non-distortion solutions, resulting from Eqs. (8) and (10) . Interestingly, for all shells fulfilling these equations the field inside the hole is H INT s = ±H 0 (R 2 /R 1 ) 3/2 for a spherical shell and
= ±H 0 (R 2 /R 1 ) for a cylindrical shell, according to Eq. (A7) and (A11), respectively; the sign is positive when n is even and negative when n is odd. Therefore, the energy density inside the hole is the same for all the solutions of this type. This is illustrated in the examples of Fig. 6 , where the energy density and the magnetic field lines are represented for two cylindrical shells. It is seen that n indicates the number of regions inside the shell that are surrounded by closed magnetic field lines. 
C. Divergences of fields
The permeability relations yielding divergent fields can be found from the zeroes in the denominators of Eqs. (A7) and (A11). It is interesting that when α 2 and k 2 are negative, there are an infinite number of such relations. The divergences occur, for spherical and cylindrical shells, respectively, when
where n=0,1,2.... These expressions are represented as blue lines in Fig. 4 for a particular shell with R 2 /R 1 = 2.
V. EMULATING NEGATIVE-PERMEABILITY MATERIALS
Media with negative magnetic permeability do not exist in magnetostatics, as demonstrated in [29] . However, we next show how negative-µ media can be effectively emulated by replacing them with a set of currents. In order to find these currents we use the general property that in magnetostatics the magnetic response of a material can be obtained by substituting it with its magnetization currents. Given an arbitrary magnetic material in an applied magnetic field, H 0 , the corresponding surface and volume magnetization currents can be calculated from the magnetization of the material, M, respectively, as
where n is a unitary vector perpendicular to the material surface.
The total magnetic induction in all the space (even at points inside the material), B,
can be simply calculated as the applied magnetic induction, B 0 = µ 0 H 0 , plus the magnetic induction created by these magnetization currents, B c . Therefore, by externally supplying the adequate set of currents the total distribution of B will be exactly the same as if that material was present. This allows to emulate any magnetic material, even materials with negative permeabilities.
We next find the currents emulating a negative-µ material in the case of a spherical shell, which is the one we will experimentally demonstrate below. Consider a spherical shell with inner and outer radii R 1 and R 2 , respectively, and homogeneous relative magnetic permeabilities µ r , µ θ , and µ ϕ . Its response to a uniform magnetic field H 0 applied in the z direction is analytically obtained (see Appendix). Restricting to isotropic materials µ r = µ θ ≡ µ (µ ϕ is irrelevant due to the symmetry of the applied field), the corresponding magnetization currents are calculated from Eqs. (15) and (16) taking into account that, by definition, M=(µ − 1)H and H in the material region can be obtained from Eq. (A2), as
Since we consider homogeneous and isotropic materials, no volume magnetization currents appear.
VI. EXPERIMENTAL DEMONSTRATION OF A NEGATIVE-PERMEABILITY

MATERIAL
We now experimentally demonstrate our theoretical ideas and the plausibility of emulating magnetic materials with negative µ. We consider a homogeneous and isotropic spherical shell with inner and outer radii R 1 and R 2 , respectively. We choose a permeability µ = −0.5;
this shell does not distort the applied field and concentrates the field in the hole by a factor (11)]. These properties cannot be simultaneously obtained by conventional materials with positive µ.
A. Emulation of a negative-permeability material by a finite set of currents
To construct an actual spherical shell with effective negative permeability µ = −0.5, the surface currents given by Eqs. (17) and (18) 
where θ i is the angular position of each current loop and a = 1, 2.
B. Experimental setup and feedback loop
In our experiments, the 6+6 current loops, each consisting of 3 turns of copper wire, are placed onto two specially designed 3D-printed spherical formers, with radii R 1 =25mm and of Helmholtz coils, which create a uniform magnetic field in the z direction in the sphere region, as shown in Fig. 8(a) .
For a given applied field value, the required currents at each loop can be obtained from Eqs. (17), (18) and (20) . They are fed in the 12 loops using a common voltage source from a Agilent 6671A power supply; each loop is connected in series with a load resistor, whose value is calculated to provide the required current.
If the applied field is changed, the value of the current in the loops needs to be readjusted in order to keep emulating the same negative-µ material. For this purpose we setup a feedback loop that automatically adjusts the currents to the applied field value [ Fig. 8(b) ].
For the feedback loop we use a LabView Virtual Instrument as a Control Software, with a process described as follows. First, the applied field is measured with a Hall probe. Then, the currents corresponding to the reading of the field value are calculated according to Eqs. (17), (18) and (20) . Finally, these currents are fed into the loops by using the same resistors and the Control Software automatically readjusts the input voltage. Thanks to the linear dependence between the current and the field and the simplicity of the experimental components, the feedback loop is very robust against possible instabilities arising from fluctuations of the measured applied field.
In this way, we achieve an effective negative-µ material. Even though the feedback loop mechanism is theoretically valid for any applied field value, in practice the range of applicability is limited by the power dissipation of the resistors and the overall available input power. The discretization we have used is adequate for uniform magnetic fields applied perpendicular to the loops, but the general procedure could be adapted to different field distributions using other discretization schemes. small discrepancy between the ideal and the discretized cases because of the discretization.
VII. DISCUSSION
Negative properties of materials are an intense recent topic of research in physics, including negative acoustic [49, 50] , negative mechanical properties [51] [52] [53] and negative capacitance [54, 55] . Most of these systems are very complicate to realize in practice. In contrast, the negative-µ materials we introduce in this work can be simply realized by a set of suitably tailored electrical currents whose analytic expressions are found. These currents are proportional to the uniform applied magnetic field. Therefore, to emulate the response of a particular negative-µ material, one first has to sense the applied magnetic field and then set the required currents. Because of this sensing-setting requirement we can regard the proposed negative-µ magnetic materials as active. The feedback loop presented in Section VI B automatically adapts the currents to the magnetic field, allowing the emulation of a negative-µ material even when the applied field is changed.
Having negative-µ magnetostatic materials may enable a whole new set of possibilities for controlling magnetic fields, analogous to those proposed or demonstrated for the full electromagnetic case. One of the most dramatic properties enabled by materials with negative refraction index is achieving illusions, that is, objects that appear as different objects when illuminated by light [33] . In [56] we demonstrate how to obtain illusion in magnetostatics using negative-µ materials. The magnetic signature of a magnetic material (a soft ferromagnet in [56] ) is transformed into that of a different one (a perfect diamagnet) by enclosing the former in a shell emulating a negative-µ behavior. Other illusions such as magnifying or shrinking materials, cloaks, and anticloaks [57] [58] [59] [60] [61] can also be realized using the same scheme [56] . Another intriguing possibility that may eventually become possible based on our results may be the realization of exterior cloaks [35] [36] [37] . As stated by Wegener in [36] conventional metamaterial cloak needs to be wrapped around the object, so it would be yet more stunning and useful if it could rather be spatially separated from the object. Such exterior cloaking has been demonstrated experimentally in dc electrical conduction using effectively negative electric conductivities in a plane [62] of active metamaterials [63] . Our results open the door to construct a magnetic cloak that can act at a distance in a full 3D scheme, something which may have applications in many areas involving magnetic fields, such as medical imaging techniques.
VIII. CONCLUSIONS
We have introduced materials with negative static permeability as a new tool for ma- and (A5) indicate that the magnetic field inside the material is the sum of a uniform field of magnitude −c aligned in the same or in the opposite direction to H 0 and a field that corresponds to the field created by a dipole of magnetic moment 4πd s for a spherical shell and 2πd c for a cylindrical shell.
